The experimental relationships of dynamic force versus grand piano hammer felt deformation show the significant influence of hysteresis characteristics. To explain this phenomenon, a new mathematical model of the hammer felt is proposed. In this model the hammer felt is considered as a nonlinear history-dependent (hysteretic) material with an exponential kernel function. The numerical simulation of interaction of the hammer with a fixed target was used to identify the nonlinear and hysteresis parameters of the felt, and good agreement with experiments was achieved. Also, this model is used here for the analysis of interaction of the hammer with a real grand piano string. 
The sound of the grand piano depends mostly on the detailed motion of strings excited by the impact of the hammers. It depends also on the soundboard, of course, but insofar as the soundboard impedance is very much larger than the string impedance, these:two problems are separable. So, the creation of good theoretical models of the hammer felt and the hammer-string interaction are important problems for determining the sound produced by a piano.
The dynamics of the hammer-string interaction is one aspect of piano physics that has been the subject of considerable research, beginning with von Helmholtz.
• Many authors have tried to understand the results of the experimental measurements of the hammer-string interaction and their correspondence to the theoretical models.
In the first model developed by Kaufmann 2 the hammer was assumed absolutely rigid. In other words, this model deals with a point-mass hammer and with a string of limited length. Although this model is far from being realistic, it was used for more than 60 years because of its simplicity. taken into account in the creation of any realistic hammer felt model. None of the earlier hammer felt models can describe the experimentally observed hysteretic process of loading and unloading of the felt due to the hammer-string interaction.
The present paper is an attempt to construct such a nonlinear hysteretic hammer felt model that would be in a good agreement with experimental data for any rates of loading of the hammer felt. The experiments provided by Yanagisawa and Nakamura 8 are the basis for the testing of the felt model that is proposed in this article. The interaction of such hammer felt with the real grand piano string is presented here only to the extent of illustrating the application of the new model of the hammer felt.
I. FELT STIFFNESS PROPERTIES
The timbre of sound produced by a piano string is strongly determined by the contact time between the hammer and the string. In turn, this time depends on the stiffness of the hammer felt and hammer velocity. Therefore the contact time between the hammer and the string is decreased by a strong attack and the number of harmonics in the spectrum is increased. Thus the timbre of sound in the lower and the middle range of the instrument is appreciably dependent on the average variation of the felt stiffness.
An excellent feature of a good grand piano is the possibility to obtain more "brilliant" or "transparent" timbre of sound when playing fortissimo, and on the contrary "smooth" timbre when playing pianissimo. Such a timbre can be achieved from properly designed hammer felt stiffness for various possible velocities of the hammer. 
with the constant stiffness coefficients K1, K2, and K 3. It seems this model is not satisfactory, because the first coefficient K1 is negative and so for small felt deformations the force has a negative value, too. This is impossible, since the hammer does not pull the string. Both the power-law and polynomial models are often used for the mathematical simulation of the hammer-string interaction. But the process of the felt deformation described by Eqs. (1) and (2) A somewhat more realistic analytical model of the hammer felt that is in agreement with experiments (see Refs. 8 and 9) at all points will be presented in the following section.
II. HAMMER FELT MODEL
In deriving a dynamical hammer felt model it is necessary to take into consideration both the hysteresis of the force-compression characteristics and their dependence on the hammer speed. These phenomena require that the grand piano hammer felt possess history-dependent properties. The mechanical behavior of such materials is usually strongly dependent on parameters such as time, characteristic frequency, and rate of loading. For this reason the stress-strain curves of history-dependent materials are sensitive to these quantities, and the concept of an almost unique curve for a given material does not exist.
In the hammer-string interaction the process of the felt deformation starts with some velocity V>0, and we obtain a certain loading curve for the hammer felt. The unloading of the felt begins with velocity V=0, and the unloading curve of the felt will not be like the loading curve. Therefore for felt made of history-dependent material the loadingunloading curve has hysteresis characteristics. 
where * denotes the convolution sign. Suppose that the force exerted by the hammer under the instantaneous loading of the felt is proportional to the Young's modulus of the felt material, and can be described by a nonlinear force shape function of the form
with some constant coefficient C. In this case, using (3) for the arbitrary rate of loading, the hysteretic felt is defined with the aid of the constitutive equation
F(U(t))-Fo[g(U (t))-R(t)* g(U(t))]. (5)
Materials described by this equation for which the exerted force (or the stress) is determined by the history of the compression are "materials with memory."
In principle, R(t) is to be established for real media on the basis of experimental data. However, according to wellknown general physical consideration (see Ref. 15), some properties of the relaxation function might be assumed for real history-dependent media with almost no restriction of generality.
The relaxation function R(t) must be a positive function, which is bounded in the interval 0<t <m, and satisfies the following conditions:
t-->0
R(t)-•O, if t->m,
0<e<l, 
and for very slow deformation, when r>>l, F(y) =F0(1 -ß)g(y).
In each of these cases the unloading of the felt occurs in the same way as the loading.
For the various types of hammers the nonlinear force shape function g(y) can be chosen in the power polynomial form or in the form of the usual power-law dependence g(y) =yP,
in order to describe rather well very fast loading of the felt.
Finally, the governing equation (11) in connection with the Fig. l(a) , but most probably, it is very soft. This is clear from Fig. 2(a) , where the dynamical force-compression characteristics for the various hammer velocities are shown. With a diminishing of the hammer speed, the slope of the loading part of the curves is decreased. To obtain a better agreement with the experimental data points for a small velocities of hammer, the value of stiffness nonlinearity exponent p=2.15 was chosen (other parameters of the pliant hammer are the same as in Table II 
It is obvious that the A1 pliant hammer is really exceptional. The values of stiffness and hereditary parameters of this hammer indicate that the pliant hammer is not a hard hammer, as it seems from

IV. HYSTERETIC MODEL FEATURES
The influence of the hammer speed and of the hysteresis parameters of the felt on the force-compression characteristic is presented in Fig. 3. Figure 3(a) shows the loading and unloading of the felt for various initial hammer velocities. The initial hammer energy in this case is a constant and is equal to 1.8 mJ. The mass of the hammer is not a constant for the various curves, but ranges from 0.001 to 1000 g. initial hammer velocity V-0.06 m/s, the dimensionless contact time is equal to to/r o= 1000>> 1. For this slow deformation, the loading and the unloading of the felt are near the limit curve II described by Eq. (13). Force-compression curves calculated for different values of the hysteresis constant are shown in Fig. 3(b) . For the case of e-0, the loading and unloading of the felt occur along the limit curve I.
Force-compression curves calculated for different values of the relaxation constant are presented in Fig. 3(c) . For   TABLE III As shown in Table III, contact time increases with an increasing hysteresis constant and with a decreasing relaxation constant. The results of calculations presented in Fig. 3 permit one to study the influence of the felt parameters on the form of the force-compression characteristics. The theoretical hysteretic model of hammer felt provides a means for simulating any necessary force-compression curve.
V. GRAND PLANO HAMMER-STRING INTERACTION
The hysteretic hammer felt model may also be used for describing an actual hammer-string interaction. In the experiment described in Ref. 
The displacement of the hammer Z(t) depends on both the felt deformation and the string deflection Z=U+W, The system of equations (21) and (22) 
